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STABILITY OF A PRISMATIC BAR UNDER THE 

INFLUENCE OF A COMPRESSIONAL STRAIN WAVE 

In this paper a study is made of critical strain distributions introduced 

into a bar by dynamical loading in an axial direction. Transverse vibrations of 

the bar which may result from this type of loading are not investigated. It is 

considered that they are really involved in an extension of the problem. 

The theory is developed in some detail for cases of bars of elastic material 

having Hookean or Non-Hookean stress-strsin lairs. Also, consideration is given 

to the case of the bar in the plastically deformed state. 

One of the conclusions from the study is that the proposed method for deter- 

mining critical states of strain suggests a means for experimentally investigating 

various plastic wave theories. Assuming tentatively a given theory of plastic 

strain propagation into the bar the critical strain distribution may be calculated. 

Indications of plastic buckling may then be investigated. The buckled shapes should 

also provide information on the theory of wave propagation. 

INTRODUCTION 

There is a growing interest in the problem of structures subjected to dynamic 

loads of the transient type. These loads are sometimes produced by collision or 

explosion. The column is an important structural element that may be subjected to 

this kind of force. The case of periodic axial loads of the steady-state vibration 

type has been considered by Stoker and Lubkin (1). The column compressed by the 

moving head of a testing machine has been treated by Hoff (2). In these cases the 

load is considered to vary with time but to be the same at all sections of the 

column at any one time. In other words, waves of comoressional strain are not 

considered. In the present paper a study will be made of the compressional strain 

waves. 
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DIFFERENTIAL FCUATIONS OF INSTABILITY 

If the stress is not proportional to strain we may define the one-dimensional 

strain in the manner of von Karman (3)x 

iff. t± - p^t Til 

If stress is proportional to strain the one-diraensional wave equation may be 

written in the usual manner: 

B.  &   = fL=x  [0 

With given initial and boundary conditions for a bsr these equations may be 

solved. At any time t a determinable stress distribution G*£ exists in the 

bar. 

As can easily be shown the differential equation for the transverse vibration 

of a longitudinally loaded bar of variable stiffness per unit length may be written: 

— D J 

If we consider j^lj or J_2J and [3J simultaneously we define possible trans- 

verse displacements induced by the compressional strain wave. In order to obtain a 

first criterion of instability it is proposed to neglect the acceleration term in 

13 J and determine P which is a function of x and of t from [_lj or f~2 [. The 

merit of these assumptions will be investigated in a series of experiments at a 

later date. 

The T'Alembert principle can be used and the P -r-j*considerad as reversed 

effective forces putting the bar in statical eouilibrium along its length. This 
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principle provides a means of determining the load distribution along the bar or 

column et any time. We may then consider a force 8t the wave front, a force at 

the externally loaded end, and a distribution of forces between these two points. 
v*. 

The force corresponding to each differential length is FAclx  •  —7 •  This theory J    <J£4 

will be illustrated by three cases. 

CASE I 

ELASTIC CONDITION, FOOKEAN STRESS-STRAIN LAW 

Assume a straight bar initially unstressed and with certain given boundary con- 

ditions. The material of the bar is elastic with a linear stress-strain law. A 

compressive load as a known function of time is suddenly applied at one end. If 

numerical methods of solution are to be avoided, and they would be quite clumsy in 

a problem of this type, analytical solutions must be obtained. Many of these can 

be found in the literature. The simplest will now be considered (£). 

In Fig. 1 a simply supported bar of length 1 is shown with a force P applied 

at one end and the front of the strain wave progressed to a distance xQ from that 

end. Assume that the force P is caused by a large mass M moving with constant 

velocity v0. Then the strain ^y will be constant and of magnitude given by 

e* = e. = •£ •* °      c 
where c is the constant velocity with which the strain moves into the bar (5). 

The principle of D'Alembert will now enable us to translate this problem into 

an equivalent static one for any given time t. The corresponding loading for this 

case is then shown in Fig. 2. 
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Fig. 1. Simple strain wave in bar 
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Fig. 2. Equivalent loading 



In region (Y) t>ere if no strain  since the strain wave has not progressed into 

that oortion of the bar EF yet.    In Fegion (5),  there is constant strain of nwgnitude 

-pr   at <?acv t>oint and load? of mpgnitudedCi^at each of its extremities. C C 
The two differential eouations for bending of the bur are: 

Region(T) 03 

rrc)w        ,-, ^ w    _ El 
Pegion© \_S~\ 

roluticn of [*+]    is: 

W( = Af*  +• &, x^+- c, x + X> 

and solution of \Jr\   is 

w _ 4   4. B x  +• e  5^UA x + 3> Qrt A x 

The Boundary and continuity conditions are: 

W = o \Af 

.? 

W - o 

=    O -Lor     >t =  ° 

Q r     >    =   o f 
i>l 

=     VV w, = 

—»*- 
I     - 

53? 

? 
for A,- -£, 

-/. 
- l>] 
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The vanishing of the determinant of the system of the 8 linear equations in 

the 8 constants    Alf Bj, Cj, D^, A2, B2» C2, E2 #••• tbi instability equation* 

^C^.A4    +•    SC~ >4  =  O  [8] 

For convenience we may put 

then equation 18J becomes: 

(f.-f) iSc^L/Sf +A^f>?-  o  f,J 

By means of equation 19J the following table of critical loads is determined. 

TABLE I. 

"     Fl f /> J* 
0. oo ao 

.1 16.35 268.3 

.2 8.55 73.0 

.3 6.01 36.1 

.-4 4-76 22.7 

.5 4.06 16.^ 

.6 3.62 13.1 

.7 3.36 11.2 

.8 3.21 10.3 

.9 3.15 9.9 
1.0 3.U 9.9 

«2w- ^ 
e-r [10] 

It is readily seen that a relationship has been established between the fractional 

length factor f and the critical load P   given by fiol. If reflections of the 

strain wave occur before the critical stress is attained, the process must be 

repeated with appropriate strain distributions and another table of f values. 

CASE II 

ELASTIC CONDITION, NON-HOOKEAN STRESS- 
STRAIN LAW 

In thecase of bars made of non-Hookean materials the stress-strain law is non- 
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Fig. 3. Stress-strein lew as two straight line segments 
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Fig. A. Strain distribution in bar 



linear, but the materials may still be elastic. A simple example of such a stress- 

strain relation is shown in Fig. 3. 

As an example of this case suppose a force is applied at one end of a straight 

bar so that the load is constant in time and produces a stress, at the end of the 

bar, which lies between CT^  and C7"£ in Fig. 3. In this case a wave of stress 

of magnitude O^      propagates at a known speed into the bar. This wave is followed 

by a slower one of magnitude C7^  as shown in Fig. U>      In Fig. 5 the equivalent 

static loading at some time t is shown. 

In region (T) the load is a force (Pi+P^) in region (T) the load is Pj and 

in region (T) there is no load as the wave front has not penetrated this region as 

yet. This strain propagation satisfies the differential equation [ij . The dif- 

ferential equations of lateral bending are: 

2>x< 

El *%/ a*w 
dx*   +" T 9**- 

El = .o 

Region (T) 

Region (T) ^ . . . [a] 

Region (y\ 
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The solutions are: 

C?J 

The boundary and continuity conditions are: 

snd 

V\/=  o 

w = °, 

3w - o 

3 w   = o 
y 

w 
aw, 

;J„ 

ax 

=r   w_ 

J?on    ^=o     _ 
C'^l 

**< =  "^Jx./ J. 
1. 'd)> -lx=^ "St •L I 

3 

'*     *X\L^ 

"V< v° 

3      5 
^ Xu

JX   - o 
2- 

2- 

2> ^3 

b *" 

tf w3 

ax *.= < 
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an 

The venishing of the determinant of the system of 12 lineer homogeneous equations 

in the 12 constants gives the instability equation: 

= O   • •  - - £l£] 

*e may divide equationpz] by ^ J^ and determine the roots for various 

ratios     *"./crJ       anrf *-/£=-      • *s an example supoose: 

^ = 2   ana   ETy^ }4 

Then we may write as follows: 

c. 
C'—ZT       -   V  ^      ^   I + 

•*-. '    «i ^~ 
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4 sr ^ r,/ JLi  . / 

Then 

•b 

Then let    1 1   =r  f~ C "here       y-      i is a fractional parameter. 

so < -. r/?-j// 
y _. J /-/?-/7^-/ ^ e; 

For the assumed ratios Vcr arid      ' , c7J we have 

A /<£•, 

Ax-   -4- 
so 

and 

.A, = £/»,_ 
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Fig. 6. Non-linear stress-strain curve of strain 
bardenable material 



Obviously the maximum allowable  +-  in this formuletion 1B given by 

Then re may construct p teblp of values relating criticsl loads to lengths. 

TABLE II 

f V j/= 

.1 7.48 55.90 14.96 

.2 3.94 15.40 7.88 

.3 2.78 7.70 5.56 
•4 2.24 5.00 4.48 
.5 1.94 3.75 3.88 
.6 1.76 3.09 3.52 
.7 1.65 2.71 3.30 
.7071 1.64 2.68 3.28 

223.6 
61.6 
30.8 
20.0 
15.0 
12.4 
10.8 
10.7 

Obviously for any given force  P, the critical fractional length +-  is 

determined. The shape of the bent bar is given by equations \Jj  J  .  Again 

in this case if reflections of the strain wave occur before the critical stress 

is attained the process must be repeated with appropriate strain distributions 

and another table of  T    values. 

CASE III 

PLASTIC CONDITION 

The differential equation of the strain in bar in the plastic region 

exhibiting unloading phenomenon may be written as noted by T. von Karman 
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^q° . cfa     p fa. 

where  » _   is the slope of the stress strain curve and J*  is the density. 

It is claimed that the velocity of such a plastic wave is 

and the static engineering stress-strain curve for the material may be used 

An1 
to determine SL2-       for any given ^   . 

As an example suppose that a bar shown in Fig. 1 is subjected to a con- 

stant stress G^       at one end. Then it is asserted that a plastic wave of 

intensity Q>->       progresses into the bar at velocity 

= //> 
cW 
J^ 

In order to determine instability in this case for a material exhibiting 

strain-hardening, we may use the method of Ehgesser (6) to take account of 

unloading. 

Recalling the method of Engesser an effective modulus is determined for 

the bar section as in Fig. 7. 

Ez>i^ - K. = EtK, m hj 
'   /a*     2.      yo*       K 

30 £  li,  zzi.    E ri, which is the force 
7L.      *• l  ' 

equation 
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Fig. 7. Distribution of stress in cross-section of bar 



H.+H^k 

III is the moment at section. 

If  3o  is the width of the section 

M - -2J2 . —3 1  5  -2 

zf   C/iT^^] 
putting    p  _  4- E-!- Ejt 

a..nd 1  — Er ' X 

If we now replace E by E we may revert to Case I for determining the 

Length of loading section for any given applied end stress CT^       which is 

csritical. 

DISCUSSION 

The theory presented herein is proposed as a first criterion of instability 

<*f a prismatic bar with a transient force applied at its end. Although a complete 

fund accurate equation describing strain wave propagation in a bar must include 

Lateral contraction as well as other effects in the bar it is considered that the 

simplest one-dimensional wave theory serves the purpose of the present exposition. 

For a similar reason, the transverse inertia forces related to bending are neglected 

lin order to get an approximate criterion of instability. It is considered that 
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The merit of these assumptions should be experimentally investigated, because very 

few data on the compression impact loading of bars occur in the literature. Some 

experiments by D. S. Clark (7) are quite suggestive of what may be expected in the 

way of sidewise plastic deformation of relatively long bars of lead subjected to 

dynamic loads on one end. A series of experiments will be conducted now by the 

author with the specific purpose of investigating sidewise deformation of bars 

subjected to impact loading on one end. 

ACKHOWLEDGMEMT 

The author wishes to thank Mr. Joshua Greenspon, a graduate student at the 

Johns Hopkins University, for checking the material presented in the paper. He, 

also, wishes to thank the Office of Naval Research for making it possible to begin 

experimental investigations of the merits of the theory presented in the paper. 

( 13 ) 



BIBLIOGRAPHT 

1. "Stability of Columns and Strings under Periodically Varying Forces" 

by S, Lubkin and J. J. Stoker. Quarterly of Applied Mathematics, 

vol. I, October, 1943, No. 3, P. 215. 

2. "The Dynamics of the Buckling of Elastic Columns" by N. J. Hoff, Journal 

of Applied Mechanics, vol. 18, No. 1, March 1951, P. 68. 

3. "Plastic-wave Propagation Effects in High-speed Testing" by E. H. Lee and 

H. Wolf, Journal of Applied Mechanics, vol. 18, No. 4, December 1951, P. 385. 

4« "Theory of Elastic Stability" by S. Timoshenko, McGraw-Hill Book Co., Inc., 

1936, P. 112. 

5. "Theory of Elasticity" by S. Timoshenko, McGraw-Hill Book Co. Inc., 1934, 

P. 384. 

6. "Widerstandsmomente und Kernfiguren bei beliebigem Formanderungsgesetz 

(Spannungsgesetz)", by Fr. Engesser, Zeitschrift des Vereines Deutscher 

Ingenieure, 1898, Part 2, vol. 42, P. 927. 

7. "The Propagation of Plasticity in Uniaxial Compression" by M. P. White 

and Le Van Griff is, Discussion by D. S. Clark, The Journal of Applied 

Mechanics, vol. 16, No. 2, June 1949, P. 219. 

- 14 - 



DISTRIBUTION LIST 
Technical and Summary Reports 

Office of Naval Research Project MR 035-215 
Contract N 6 onr-2i+3/VIII 

Chief of Bureau of Aeronautics 
Navy Department 
Washington 25, D. C. 
Attn TD-41, Technical Library 

DE-22 , C.  W.  Hurley 
DE-23, E.  M.  Ryan 

Chief of Bureau of Ordnance 
Navy Department 
Washington 25, D. C. 
Attn: Ad-3, Technical Library 

Chief of Bureau of Ships 
Navy Department 
Washington 25, D. C. 
Attn: Director of Research 

Code 372 
Code kk2 
Code 423 

(1) 
(1) 
(1) 

(1) 

(3) 
(1) 
(1) 
(1) 

Chief of Bureau of Yards and Docks 
Navy Department, 
Washington 25, D. C. 
Attn: Research Division (2) 

Code C-313 (1) 

Naval Ordnance Laboratory 
White Oak, Maryland 
RFD 1, Silver Spring, Md. 
Attn: Dr. C. A. Truesdell (l) 

Dr. D. E. Marlowe (1) 

Naval Ordnance Test Station 
Inyokern, California 
Attn: Scientific Officer (l) 

Structures Br. (Pasadena)     (l) 

Director, 
David Taylor Model Basin 
Washington 7, D. C. 
Att: Structural Mech. Division     (2) 

Director 
Naval Engineering Experiment Station 
Annapolis, Maryland 
Attn: (1) 

Director, 
Materials Laboratory 
New York Naval Shipyard 
Brooklyn 1, New York (l) 

Superintendent ARMY 
Post Graduate School 
U. S. Naval Academy 
Annapolis, Maryland (l) 

Director 
Naval Research Laboratory 
Washington 20. D. C. 
Attn: Code 186, Technical Library 

Code 500, Mechanics Div. 
(1) 
(2) 

Naval Air Experimental Station 
Naval Air Material Center 
Naval Base 
Philadelphia 12, Pa. 
Attn: Head, Aeronautical Materials 

Laboratory (1) 

Superintendent, 
Naval Gun Factory 
Washington 25, D. C. (l) 

Chief of Staff 
Department of the Army 
The Pentagon 
Washington 25, D. C 
Attn: Director of Research and 

Development (1) 

Office of Chief of Ordnance 
Research and Development Service 
Department of the Army 
The Pentagon 
Washington 25, D. C. (2) 

Commanding Officer 
Watertown Arsenal 
Watertown, Massachusetts 
Attn: Laboratory Division (l) 

Commanding Officer 
Frankford Arsenal 
Philadelphia, Pa 
Attn: Laboratory Division (l) 



DISTRIBUTION LIST 
Technical and Summary Reports 

Contract Project 
N6 ONR-243 NR 035-215 

Chief of Naval Research 
Navy Department 
Washington 25, D. C 
Attn. Code N 482 (ll) 

Commanding Officer 
Boston Branch Office 
Office of Naval Research 
495 Summer St., 
Boston 10. Mass. (l) 

Commanding Officer 
New York Branch Office 
Office of Naval Research 
50 Church St., 
Nev York 7, N. Y. (l) 

Commanding Officer 
Chicago Branch Of. 
Office of Naval Research 
844 N. Rush St., 
Chicago 11, 111. (l) 

Commanding Officer 
San Francisco Branch Of. 
Office of Naval Research 
801 Donahue St., 
San Francisco, Cal.        (l) 

Commanding Officer 
Los Angeles Branch Of 
Office of Naval Research 
1030 E. Green St. , 
Pasadena, Cal. (l) 

Asst. Naval Attache for Research 
Naval Attache 
American Embassy, Navy #100 
c/o Fleet Post Office 
Nev York, N. Y. (5) 

Contract Administrator 
Southeastern Area 
c/o Office of Naval Research 
Washington 25, D. C.       (2) 



Office of Naval Research Project NR 03^-215 
Contract K 6 onr-243, Task Order VIII 

Commanding Officer 
Squier Signal Laboratory 
Fort Monmouth, New Jersey 
Attn: Components and Materials 

Branch (1) 

National Advisory Committee 
for Aeronautics 

Langley Field, Virginia 
Attn: Mr. E. Lundquist 

Dr. S. B. Batdorf 

(1) 

(1) 

AIR FORCES 

Commanding General 
U. S. Air Forces 
The Pentagon 
Washington 25, D. C. 
Attn: Research and Development 

Division 

Commanding General 
Air Materiel Command 
Wright-Patterson Air Force Base 
Dayton, Ohio 
Attn: J. B. Johnson, Chief 

Materials Laboratory 
E. H. Schwartz (MCREXA-8) 

OTSER GOVERNMENT AGENCIES 

U. S. Atomic Energy Commission 
Division of Research 
Washington, D. C. 

Director, 
National Bureau of Standards 
Washington , D. C. 
Attn: Dr. W. H. Ramberg 

U. S. Coa3t Guard 
1300 E. Street, NW 
Washington, D. C. 
Attn: Chief, Testing and Devel- 

opment Division 

Forest Products Laboratory 
Madison, Wisconsin 
Attn: L. J. Markwardt 

National Advisory Committee 
for Aeronautics 

1721* F Street , N W 
Washington, D. C. 
Attn: Materials Research 

Coordination Group 

(1) 

(1) 
(2) 

(1) 

National Advisory Committee for 
Aeronautics 

Cleveland Municipal Airport 
Cleveland, Ohio 
Attn: J. H. Collins, Jr (l) 

U. S. Maritime Commission 
Technical Bureau 
Washington, D. C. 
Attn: Mr. Wanless (l) 

Research and Development Board 
Library 

Room 3 D 64.1 
Pentagon Building 
Washington, D. C (2) 

NAVY CONTRACTORS AND OTHER INVESTIGATORS 
ACTIVELY ENGAGED IN MECHANICS RESEARCH 

Dr. S. P. Timoshenko 
School of Engineering 
Stanford University 
Stanford University, California      (l) 

(2) 

(1) 

(1) 

Dr. N. J. Hoff 
Department of Aeronautical Engineering 

and Applied Mechanics 
Polytechnic Institute of Brooklyn 
99 Livingston Street 
Brooklyn, New York (l) 

Dr. N. M. Newmark 
Department of Civil Engineering 
University of Illinois 
Urbana, Illinois 

Dr. J N. Goodier 
School of Engineering 
Stanford University 
Stanford University, California 

(1) 

(1) 

(2) 



Office of Naval Research Project MR 03^- 215 
Contract N 6 onr-2^3 , Task Order VIII 

Professor F. K. Teichmann 
Department of Aeronautical 

Engineering 
New York University 
University Heights Bronx 
New York City, New York (l) 

Professor L. S. Jacobsen 
Stanford University 
Stanford University California    (l) 

Professor Jesse Ormendroyd 
University of Michigan 
Ann Arbor, Michigan (l) 

Dr. W. H. Hoppmann 
Johns Hopkins University 
Baltimore, Maryland (10) 

Professor B. J. Lazan 
Syracuse University 
Syracuse, New York (l) 

Professor E. Sternberg . 
Illinois-Institute of Technology 
Technology Center 
Chicago 16 , Illinois (l) 

Dr. C. B. Smith 
College of Arts and Sciences 
Departnent of Mechanics 
Walker Hall 
University of Florida 
Gainesville, Florida (1) 



UNCLASSIFIED 

UNCLASSIFIED 


	gray0001
	gray0003
	gray0004
	gray0005
	gray0006
	gray0007
	gray0008
	gray0009
	gray0010
	gray0011
	gray0012
	gray0013
	gray0014
	gray0015
	gray0016
	gray0017
	gray0018
	gray0019
	gray0020
	gray0021
	gray0022
	gray0023
	gray0024
	gray0025
	gray0026
	gray0027
	gray0028
	gray0029

